Inter-layer edge tunneling and transport properties 
in separately contacted double-layer quantum Hall systems 
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A theory of transport in the quantum Hall regime is developed for separately contacted double- layer 
electron systems. Inter-layer tunneling provides a channel for equilibration of the distribution func- 
tions in the two layers at the edge states. Resistances and transresistances for various configurations 
of the electrodes are calculated as functions of the inter-layer tunneling amplitude. Induced current 
in one of the layer by a current in the other is calculated also. It is shown that reflection at the leads 
causes change in the results for some electrode configurations. The results obtained in this work is 
consistent with recent experiments. 
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I. INTRODUCTION 

Recently it has become possible to fabricate a multi- 
layer quantum Hall system, where current and voltage 
leads are attached separately to each layers ||] ■ For such 
a system it is expected that the resistances of one of the 
layer is affected by the presence of the other, and volt- 
age or current is induced in the other layer due to the 
inter-layer interactions. One of the interaction relevant 
to the present situation is the Coulomb interaction be- 
tween the layers. When current flows in one of the layer, 
the interaction induces voltage in the other layer, the 
phenomenon known as the Coulomb drag, and measured 
as transresistance Another important interaction 

is the electron tunneling between the layers. Actually, in 
a recent experiment by Ohno et al. where tunneling is 
allowed j|, the Hall and the longitudinal resistances on 
one layer is affected considerably by the presence of the 
other. While the effect of the Coulomb drag is relatively 
weak and expected to vanish at zero temperature, the 
effect of tunneling is larger in the typical situation, and 
persists even to zero temperature. We have established a 
formulation to calculate resistances for various situations 
in the presence of the tunneling j5|(| . We have obtained 
results which successfully explain the experimental re- 
sults. In the calculation the effect of the Coulomb drag 
is neglected, since it is small. The results are indepen- 
dent of temperature as far as it is low enough that the 
integer quantum Hall effect is observable. 

In this paper we extend our theory to include the effect 
of contact resistance at the lead. It is taken into account 
as transmission and reflection probabilities between the 
leads and the edge states of the two-dimensional elec- 
trons. In the experiments leads are attached to one of 
the layers only, which is accomplished by blocking the 
contact to the other layer by a gate. We notice that 
this blocking can be described as perfect reflection at the 
leads. 

In Section 2 we introduce our theory briefly. Resis- 
tances defined for the layer where the current mainly 



flows are calculated in Section 3. We show that in some 
cases negative resistance is realized. In Section 4 the 
transresistances are shown to have simple relations to 
the ordinary resistances. Current induced in one layer 
when a current flows in the other is calculated in Section 
5. Discussion is given in Section 6. 
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FIG. 1. Geometry of the sample. Two identical layers are 
stacked vertically. The leads (source, drain, 1, 2, 3, and 4) 
can contact both layers or either layer. The drift directions 
along the edges are indicated by arrows. The lengths L, a, 
and b specify the length of the sample and the positions of 
the leads. 



II. FORMULATION 

We consider a Hall bar type sample shown in Fig.l. 
The energy levels in the bulk are adjusted to be aligned 
in the two layers, and we consider the system in the low- 
est quantum Hall regime. For a single layer system the 
quantum Hall effect can be understood as a consequence 
of the spatial separation between left-going and right- 
going states on opposite edges of the sample . At each 
edge we can define the chemical potential, which stays 
constant between the leads, and which differs between 
the opposite edges. On the other hand, the situation is 
quite different for a double-layer system with finite inter- 
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layer tunneling. Here the electron distribution in the edge 
states may not be in the thermal equilibrium. Therefore 
at first sight the chemical potential seems difficult to be 
defined. However, we can still define effective local chem- 
ical potential at each position of the edges of each layer 
H . This introduction of the chemical potential opened a 
way to calculate resistances. It is a peculiarity of the one- 
dimensionality and chirality of the edge state that the 
current depends only on the effective chemical potential. 
Therefore our result is independent of the temperature. 

We take x-axis along the edge and the effective chemi- 
cal potential is written as /j, a (x), where a — ± represents 
the layer index. Then the following equation governs 
the development of the chemical potentials between the 
leads: 



(2.1) 



where £ is a parameter meaning the relaxation length 
for interedge equilibration. The current along an edge in 
layer a at position x is given by 



(2.2) 



with eo being a common reference energy. 

The voltage leads will not affect the chemical potential 
as long as they are attached separately to each layer, since 
the current do not flow through the lead. On the other 
hand the current leads give discontinuous change to the 
chemical potential. When current I flows into the minus- 
layer of the sample at the source, the following equations 
should be satisfied. 



-[ M _(0)-M-(2£)L 



(2.3) 



where 2L is the circumference of the sample, therefore 
H- (0) is the chemical potential of the edge state where 
electrons are injected from the source, and /i_(2L) is 
that where they flow back into the source. By denot- 
ing the transmission and reflection probabilities between 
the edge states and the source by t s and r s (= 1 — t s ), 
respectively, the chemical potential of the source, fi s , is 
given as follows: 



M-(0) =i s /i s + r s /i_(2L), 



and the current can be written as 

e 



-t s [/j, s - n_(2L)]. 



(2.4) 



(2.5) 



In the experiments metallic gates are placed near the 
leads, and adjusted to disconnect one of the layer from 
the lead. It corresponds to making the transmission prob- 
ability zero for the layer to be disconnected. Thus it is 
plausible that the transmission probability to the other 
layer is reduced. This is one of the reason we consider 
non-ideality of the leads here. 

One of the equations Eq.(2.3) - Eq.(|2.5|) gives the 
boundary condition for Eq.(2.1). Solutions for various 



III. RESISTANCES 

Here we consider two experimental situations both of 
which are actually realized experimentally. First we con- 
sider the simplest case where only one of the layers, the 
minus layer, has connection to source and drain where 
current flows in and flows out. The voltages are mea- 
sured in the same layer by leads 1 to 4 (see Fig.l), and 
resistances are obtained. (If the chemical potential is 
measured in the plus layer, it gives transresistance. We 
will discuss it in the next section.) In this case the re- 
sistances are independent of the transmission probability 
provided that it is finite. With the distance between the 
leads given by a and b as shown in Fig.l, and by the 
notation a = cxp(— 2L/£), the longitudinal resistance 
Rxx = R\2 — R34 and the Hall resistance R xy — R13 are 
given as follows: 



Rxy — 



h a a / L {l-a b ' L ) 
e2 2(1 + a) : 



h l + a a ' L + a 1 - a ' L +, 
e2 2(1 + a) 



(3.1) 



(3.2) 



On the other hand the two-point resistance defined by 
Rsd = (Ms — Md)/ei depends on t s and t^- 



Rsd = 



h , 1 



1 



1 + 3a 



H A t s 2(1 + a) 



(3.3) 



where id is the transmission probability at the drain. The 
dependence of R xx and R xy on L/£ is shown in Fig. 2. 
The Hall resistance is quantized only in the strong or 
weak coupling limit, where L/£; = 00, a = 0, or_L/^ = 0, 
a = 1, respectively. 
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FIG. 2. Longitudinal and Hall resistances as a function of 
L/£. Here only the minus layer is connected to the leads. 



situations are given in the next section. 
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In another situation we consider here, the two layers 
are both connected to the common source, while only 
minus layer is connected to the drain. In this case the re- 
sistances depend on the transmission and reflection prob- 
abilities at the source and drain. The general expression 
is too complicated to be written here. The analytical 
expressions for the perfect leads case, t s = ta = 1, is 



#12=0, R 34 = ^a a / L (l-a b / L ), 



and 



R 



13 



2e- 



■(1 



a 



(3.4) 



(3.5) 



These results and the case of non-ideal leads where 
t s = t<j = 0.2 are shown in Fig. 3. The asymmetry of 
the longitudinal resistance at the upper and lower edges 
of the sample comes from the chirality of the edge cur- 
rent in the magnetic field. They are interchanged by the 
reversal of the magnetic field direction ||. It should be 
noticed that the longitudinal resistance Rn becomes neg- 
ative for non-ideal case. Therefore the edge current flows 
adversely in the chemical potential gradient. 
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FIG. 3. Longitudinal and Hall resistances as a function of 
Z//£. Here both layers are connected to the source. The solid 
lines are for the ideal lead case and dashed lines for non-ideal 
leads, where t B = id = 0.2 and r s — rd = 0.8. 



IV. TRANSRESISTANCES 

In our system most of the current flows in the mi- 
nus layer. The voltages measured in the plus layer give 
transresistances. They are measured especially for the 
experiments of the Coulomb drag. In the present paper, 
Coulomb interaction is neglected, but still the transresis- 
tances are finite due to the tunneling. 



In our system the two edge states at the opposite side 
of the sample are not coupled directly. Therefore even 
though the current in each layer is not conserved, the sum 
of the currents of the two layers at each side of the sample 
I+(x) + I-(x) does conserve. Thus fJ>+(x) + fJ>-(x) is 
also a constant along any edge between the current leads. 
Then the following relations for the transresistance, _R| • , 
is easily verified: 



Rij + Rij — 0, 



if i and j are on the same side, and 

Ri 



V e 2 ' 



(4.1) 



(4.2) 



if i and j are on the opposite side. The transresistances 
are easily obtained from the results of the previous sec- 
tion. 



V. INDUCED CURRENT 

When any two leads in the plus layer is connected by 
a conducting wire in the presence of the current flow in 
the minus layer, some current generally flows the wire 
in the absence of direct external connection. We assume 
that the resistance of the wire is negligible. The contact 
resistance at the leads, given by the transmission and 
reflection probabilities, are considered as before, however. 
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FIG. 4. The configuration of the leads in the plus layer 
where current is measured. The positive direction of the cur- 
rent is indicated by arrows in the figure. 

The analytical expression for the general case can be 
obtained, but the expressions are too complicated to be 
written here. Thus we give here the results of two sim- 
ple cases: i) the source and drain of the plus layer is 
connected and ii) the leads at the middle of the sample 
are connected. See Fig. f|: the case i) corresponds to 
a = b = and the case ii) to a = b = L/2. For ideal 
leads analytical expression for case i) is 



I- 



1 



a + 3' 



(5.1) 



and for case ii) it is 
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Ig = (1 - V^f 
I- a + 3 



(5.2) 



In these equations a = exp(— 2L/£) as before, and 7_ 
is the external current through the source and drain in 
the minus layer. The numerical results including the non- 
ideal cases are given in Fig. where t is the transmission 
probability at the leads. As expected the contact resis- 
tance reduces the induced current monotonously. 



in-plane field. In the course, the longitudinal resistance 
should first increase and after showing a peak decreases 
again. As noticed in the previous work || , the height of 
the peak is in some sense universal: it only depends on 
the ratio between a, b, and L, and independent of the 
actual size of the sample. At the same time, in the situa- 
tion of Fig. ||, the negative longitudinal resistance should 
be observed. We hope such experiments will be done in 
the near future. 
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FIG. 5. Induced current 7+ in the plus layer by a current 
in the minus layer, J_, where t is the trassmission probabil- 
ity at the leads. When the source and drain are connected 
(a = b = in Fig. 4), 1+ = I s d is negative. While when the 
edges are connected in the middle (a = b — L/2 in Fig. 4), 
1+ = In is positive. 



VI. DISCUSSION 

In recent experiments Ohno et al. [Q observed R xy ~ 
h/e 2 in the presence of finite R xx in the situation con- 
sidered in Section 2. This result is at a first glance in- 
consistent with our result, since L/£ ~ 50 and a ~ 0, 
if estimated using Asas = 0.02 meV ||. However, the 
inconsistency is resolved, if the edges are not aligned per- 
fectly. In this case the tunneling amplitude is reduced 
considerably. In the experiments they observed that the 
effect of in-plane magnetic field is quite small. This insen- 
sitivity to the tilting is also in accordance with non-ideal 
alignment as discussed in Ref . M . They have realized the 
situation of Fig. 3 also. The behavior at such a situation 
is also consistent with the present theory. 

In the experiment by Ohno et al. the coupling between 
the two layers are already weak so that it cannot be re- 
duced further by the in-plane magnetic field. However, if 
the sample used has large tunneling probability between 
the edge states, the in-plane magnetic field should have 
noticeable effect, especially if the field is tilted perpendic- 
ularly to the edge. In this case the system should move 
from strong to weak tunneling regime as we increase the 
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